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Using properties of the modular forms G,, it is shown that G,(z) = akwzk where 
z is an integer in an imaginary quadratic field and ah is algebraic and involves 
analogues of the Bernoulli numbers. A recursion formula (3) is given for these 
numbers. 0 1984 Academic Press, Inc. 
In [ 1 ] (see also [2,3]), Rieger quotes results for the sums 
S’ (r + Si)-4n, 2 (r + Sp)y, p=- 
1 +idT 
r,s r,s 2 * 
These are rational multiples of powers of periods of elliptic integrals, which 
may be used to define the Hurwitz and Matter numbers which are 
generalizations of the Bernoulli numbers. In this note we show that similar 
results can be obtained for elliptic modular forms evaluated at elements of an 
imaginary quadratic field. Although most of this is known, we think that the 
following presentation might be of interest. 
1. Notation. (see [4]). Let H be the upper half-plane I(z) > 0. For 
k = 0, 2, 3,4 ,... ; and z E H define the modular form of weight 2k by 
Gk(z) = c’ (r + SZ)-~~, k>2 
r,s 
(the summation is over all pairs of non-zero integers), G, = 1. G, has the 
Fourier expansion 
GA) = 2((2k) E/c(Z) = 
22kB xZk 
t2k;, (1 + Fg (T2k-l (n)q”) 
I 
where the B, are the Bernoulli numbers, and q = elnir. Here 
E;=E4,E,E3=E,,E;E3=E,, 
E; -Et = 17284(z) = 1728qn(l - q”)24 
228 
0022-3 14X/84 $3.00 
Copyright 0 1984 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
BERNOULLI NUMBERS 229 
is a cusp-form of weight 12, j = Ei/A = l/q + 744 + +s. is a modular 
function of weight 0. We let (-)“4k/B, = N, JD, where N,, D, > 0 are 
relatively prime. 
2. Any modular form of weight k with integral coefftcients in its q- 
expansion can be written as an isobaric polynomial in E, and E, with coef- 
ficients in Z. Thus NkEk = C c,,E;Et, 4a + 4b = 2k, cab E Z. Another basis 
of the set of modular forms of weight 2k with this property is EYE’: A’, 
where/?=O, 1, and 4a+6/3+ 12i=2k. 
Thus 
E, = c c,,,~E;E~ A’, Nk~,O+i E Z. 
Let 2k = 2k’ (mod 12), where 2k’ = 0,4,6,8, 10, 14. Then 
E k= L7 c,~,~E;‘A’, 
\4a’+ 12i=2k-2k’ 





= c ciji, where ci E $--Z 
O$i<(k-k’)/6 k 
= H,, say. 
(1) 
(This also follows from the fact that the LHS is a modular function of 
weight 0, and the q-expansion principle. See [5, p. 1 l-131.) 
Let r be the lattice with basis [ 1, z]. Then we have 
P,(u)=;+ ~‘((u-y)-2-y-2) 
w  
=-$+ 5 (2k- l)G,(z)~~~-~ 
k=2 
and (see [4]), p”(u) = 4p3(u) - 60G,(z)p(u) - 140G,(z). 
Differentiating with respect to U, and equating coefficients of U, gives 
(2k - l){ (2k - 2)(2k - 3) - 12) Gk(z) 
= 6 c (2k, - 1)(2k, - 2) G,, G,* - 30G,(z) 6,.,. 
k,+kz=k 
kl,k2>2 
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Putting (1) into this gives (note: G, = 2{(2k) E,J 
(2k- 1){(2k-2)(2k-3)- 12$$dl*-*.“LH, 
=6 
(2k, - 1) 
PA! 
Bk,Bk2H,,H,,Ek;Ek;d’k’-k;‘/6 A’k~-k;)‘6 
A short calculation shows that 
E,,E,, A#,-k;M A’k2-k;)/6 
6(2k,, 2k,) = y 
k’ 
A’k-k”/6 
is given by the following symmetric table (k = k, + k,): 
@k,, 2k,) 
2k,,2k, 0 4 6 8 10 14 (mod 12) 
0 11 1 1 1 1 
4 1 1 1 j 1 j 
6 1 1 j- 1728 1 j- 1728 j-1728 
8 1 .i 1 . j 
10 1 1 j- 1728 i j- 1728 j(j-jl728) 
(mold4 12) 
1 j j- 1728 j j(j- 1728) j(j- 1728) 
Letting H[ = (2k - 1) HkBk we have from (2) 
(k-2)H;=3 c 
k,+k2=k 
H;,‘, H;! 6(2k,, 2k,) - + . h,,, . (3) 
Note that H[ is a polynomial in j with rational coeffkients, with the only 
possible divisors of the denominators of these coeffkients being those primes 
p such that p - 1 ]2k, by the Von-Staudt-Clausen theorem. 
Also, if r = [ 1, z] is an order in an imaginary quadratic field’ (z E H), 
then j(z) is an algebraic integer of degree h = h,. See [5], and [6, p. 2951 for 
the values of j(z) in the 13 cases in which h,= 1. 
We sum up the results we have shown in 
’ Thus z =fw, f  an integer 21, where [ 1, CO] is a basis for the integers of the field. 
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THEOREM 1. Let r = Z @ Zz, z E H, be an order in an imaginary 
quadratic field. Then 
Gk(z) = 25(2/c) Ek(z) = 25(2k) Ek,(z) A’k-k’“6H, 
= 2[(2k) 
[j”“( j - 1728)““H, Nk] 
Nk 
A k,6 
a = 0, 1,2; p = 0, 1; where the expression in square brackets is an algebraic 
integer. 
(2) In general NkHk is a polynomial in j with integral coefficients. If 
H[ = (2k - 1) B, . H,, then we have the recursion formula 
@k, , 2k2) - $&J 
which may be used in turn to find the ci in (1). (This seems to be new.) 
The first few values of Hk are 
Hz=H3=H4=H5=H7= 1, H6=j- 








209520000 389664000 5952960000 
174611 ’ H,,=j- 854513 ’ H,,= j- 8553103 ’ 
128812320 
230364091 - 1257120 
The denominators of the rational numbers are numerators of Bernoulli 
numbers [4, p. 1471. We consider the Hi to be analogues of the Bernoulli 
numbers. Note also with s = 27r~A~‘~” = 27ruy’ that 
1 +xEk, =f -s 
Hi’ Zk 
k’ kzzk’ (2k)! 
where 2k’ = 0,4, 6,8, 10, 14. See also [7] for tables of H, for the nine 
quadratic fields with h = 1, as well as von-Staudt-Clausen type theorems, 
and [8] and the references therein for detailed investigations and 
generalizations of the above. (Some of the results in the Theorem can be 
extended to Eisenstein series of weight k, where 2k E Z. See [9] for the 
properties of modular forms of half-integral weight.) 
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